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Varieties with maximum likelihood degree one
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Abstract. We show that algebraic varieties with maximum likelihood degree one are exactly
the images of reduced A-discriminantal varieties under monomial maps with finite fibers. The
maximum likelihood estimator corresponding to such a variety is Kapranov’s Horn uniformization.
This extends Kapranov’s characterization of A-discriminantal hypersurfaces to varieties of arbitrary
codimension.
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1. Main results

1.1.

Let X be a closed and irreducible subvariety of the algebraic torus
()™= {p = (p1,...,pm) €C™ | ﬁp@- # 0}~
i=1
If u= (u1,...,un) is a set of integers, then the likelihood function of X is defined to be
L=L(p,u) = ﬁp;” X — Cn.
i=1

One is often interested in a statistical model X contained in the hyperplane { Yo pi = 1},
and in real critical points of the likelihood function corresponding to positive integer data
u. One of the critical points will provide parameters p which best explain the observation
u.

We refer to [1, 8, 13, 20] for an introduction to the problem of maximum likelihood
estimation in the setting of algebraic statistics. For the study of critical points of L from
a more geometric point of view, see [4, 5, 9, 14, 19, 21, 23].
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Definition 1. The maximum likelihood degree of X C (C*)™ is the number of critical
points of L(p,u) on the set of smooth points of X for sufficiently general u.

It will become clear in Section 3 that this number is finite and well-defined. We consider
the following problem posed in [13, Problem 14] and [22, Section 3].

Problem. Find a geometric characterization of varieties with mazimum likelihood degree
one.

Theorems 1 and 2 below show that the class of varieties in question is essentially
the class of A-discriminantal varieties in the sense of Gelfand, Kapranov, and Zelevinsky
[11]. In particular, there are only countably many subvarieties of (C*)™ whose maximum
likelihood degree is one, one for each integral matrix with m columns whose column sums
are zero, up to scaling of coordinates p.

Theorem 1. A subvariety of (C*)™ has maximum likelihood degree one if and only if it
admits Kapranov’s Horn uniformization. More precisely, the following are equivalent:

1. X C(C*)™ has mazimum likelihood degree one.

2. There is a vector of nonzero complex constants d = (dy,...,dn), a positive integer
n, and an integral matric

bir -+ bim

bnl Tt bnm

whose column sums are zero, such that the rational map
TPl o (C)™, (ug, - ) — (W1, .., W),

maps P dominantly to X, where
\I/k(ula-'-aum):dkn(zbijuj) s 1§k§m
i=1  j=1

Here we agree that zero to the power of zero is one.
In this case, X C (C*)™ uniquely determines, and is determined by, V.

The rational functions ¥ are homogeneous of degree zero in the variables u, because
column sums of B are assumed to be zero. The rational map WV is the likelihood estimator
of X which maps the data vector u to the unique critical point of the corresponding
likelihood function L(p,u).

The proof of Theorem 1 closely follows Kapranov’s presentation of Horn’s ideas from
1889 [12]. As Kapranov remarks in [15], the present paper could have been written a
hundred years ago.
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1.2.

Theorem 1 shows that the set of all varieties with maximum likelihood degree one is
partially ordered by taking images under monomial maps with finite fibers. To be more
precise, let B be an n X m integral matrix as in Theorem 1, and let C be an m x [ integral
matrix with linearly independent rows. Consider the homomorphism

¢C : (C*)m — (C*)l, P= (Pl,"' ,pm) — pC = (le?il’” .’sz?u)?
=1 i=1

and the linear projection
! !
bc P s P v=(v1,...,0) — Cv:= (chjvj, .. .,Zcmjvj>.
j=1 j=1
In the same notation, the Horn uniformization ¥ of Theorem 1 can be written
U(u) =d* (Bu)?,

where * is the Hadamard product, the entrywise multiplication.
Lemma 1. For v € C! and r,d € (C*)™, we have

B(Cv) = (BC)v, (rB)C = p(BO), (dxr)¢ =d° «rC.
The same rules continue to hold if v, r, d are replaced by matrices of appropriate sizes.

It follows that there is a commutative diagram
Pn;—l _v_ (C*)m
- Jo¢

pi-1_ = - (),

where ¥’ is the Horn uniformization associated to d® and BC:
' (v) = d% « (BCv)5BC.
Since ¢¢ is dominant and ¢© is proper, we have
¢C (im(\Il)) — (V).

Corollary 1. If X C (C*)™ is a closed subvariety with mazimum likelihood degree one,
then ¢©(X) C (C*)! is a closed subvariety with mazimum likelihood degree one.

Note that it is necessary to assume that C has rank m in order to ensure that ¢¢(X) C
(C*)! is closed and has maximum likelihood degree one. Note also that the maximum
likelihood degrees of X and ¢“(X) are different in general, even if C' has rank m. See
Example 4.
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1.3.
Define a partial order on the set of all varieties with maximum likelihood degree one
by
(X c ((C*)m) - (X’ c (c*)l> —
(there is an m x [ integral matrix C' of rank m such that ¢%(X) = X’).

The maximal elements of this partially ordered set are precisely the reduced A-discriminantal
varieties of [11, Chapter 9], up to scaling of coordintates.

Theorem 2. The following are equivalent:

1. X C(C*)™ has mazimum likelihood degree one.

2. There is a vector of nonzero complex constants d = (dy,...,dy), positive integers n
and k, an integral matrix
r 1 ... 1
az1 -+ Q2p
A=
a1 - Qgp

whose columns generate Z¥, and an integral matriz of rank n — k

bin -+ bim
B:

L bpi 0 bam

with AB = 0, such that the monomial map
d*¢B : ((C*)n — ((C*)mv q= (Q17 ) Qn) — d*qB = (dl Hqi?il, cey dm qublm>
i=1 i=1

maps the A-discriminantal variety V 4 N (C*)" dominantly to X .

In this case, d x ¢ factors through a monomial map with finite fibers
']T(ker(A)) — (Y™,
which maps the reduced A-discriminantal variety in ']I‘(k:er(A)) birationally onto X.

Here T(ker(A)) := Hom(ker(A),C*) is the algebraic torus whose character lattice is
ker(A). If columns of B form a basis of ker(A), then X is the reduced A-discriminantal
variety, up to scaling of coordinates by d.

Our basic reference on A-discriminants will be [11]. The definition and basic properties

of A-discriminantal variety and reduced A-discriminantal variety will be recalled in Section
3.6.
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2. Examples and remarks

Example 1. A point {p} € (C*)™ has maximum likelihood degree one. The corresponding
Horn uniformization is the constant map

L L (0 u+— d x (Bu)?,
where
1 .- 1
d=-p and B—[_l _1].

The choice of d and B is in general not unique. For erxample, without changing ¥V one
may take

1 ... 1

2
d:—gp and B = 2 - 2
-3 ... _3

Consequently, the choice of A in Theorem 2 is not unique.

Example 2. Consider two binary random variables, and write p = (poo, po1, P10, P11) for
the joint probabilities corresponding to four possible outcomes. The case when the two
events are independent can be modeled by the algebraic variety

X = {P | poop11 — po1p1o = 0, poo + Po1 + pio + P11 = 1} C (CHL

X has mazximum likelihood degree one, and the likelihood function of X corresponding to
a giwen data vector u = (ug, up1, U10, U11) 1S maximized at its unique critical point

p=Uu) = (Uo+2u+0’ u0+2u+1, u1zu+0’ Ul—gu—‘rl),
U+ Uit U+ Ut
where
Up+ upo + o1
UL+ U1 + U1
Uyy | = | oo+ w01 + w10 + u11
U40 uop + U10
U1 up1 + U1

The critical point ¥(u) provides parameters p which best explains u. Note that ¥ is the
Horn uniformization

TP s (CH)4 ur— dx* (Bu)?,

with
1 1 0 O
0 O 1 1
d=(4,4,44) and B=| -2 -2 -2 -2
1 0 1 0
0 1 0 1
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We check that X is the image of an A-discriminant under a monomial map. Choose an
integral matriz A with AB =0 as in Theorem 2. For example, one may take

11111
A‘[00122}'

We index the columns of A by the variables q = (qo+, 91+, G4+ 4+0, ¢+1), and consider the
space of all polynomials in t of the form

F(t) = (qot + q14) + @4+ -t + (g0 + q11) - 2

By definition, the A-discriminant is the closure of the set of all such F' with a double root

Va= {q €C® | ¢4, —4(qos + q14)(q4o + q41) = 0} C CP.

The monomial map

’ 2 ) 95 )

« . 4q0+9+0 490+9+1 4q119+0 41441
dx¢”: (C*)° — (C)!, qr—dxq”=(— -
T+ T+ T+ T+

maps the A-discriminant V 4 N (C*)® dominantly to X.

Example 3. Decomposable graphical models form an interesting class of varieties with
mazimum likelihood degree one. As an example, we consider the decomposable graphical
model given by the following chordal graph on binary random variables X1, Xo, X3, Xy:

X1 oX1
o2 oX3

The corresponding conditional independence statement is
X7 U X3 | { X2, X4},
and this defines a subvariety X C (C*)'6 cut out by four quadratic binomial equations

P1010P0000 — P1000P0010

P1011P0001 — P1001P0011 =

P1110P0100 — P1100P0110 =

o o o o

Pp1111Po101 — P1101Po111 =

and one linear equation

Z Pijkl = 0.

i7j7k7l
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X has mazximum likelihood degree one, and the likelihood function of X corresponding to
a giwen data vector u = (ugjx) 15 mazimized at its unique critical point

p=U(u) = | Uy(u) = —HL R g <giri<).
Upfpt - Uil

An explicit rational expression of the maximum likelihood estimator ¥ for an arbitrary
decomposable graphical model can be found in Lauritzen’s book [16, Chapter 4.4]. We
invite the reader to check that the expression there indeed is a Horn uniformization.

Example 4. In general, the mazimum likelihood degree of a variety is different from that
of its image under a finite monomial map. For example, the curve

(Pl +p3 =1} C(C)
has mazxzimum likelthood degree 4, but its image under the monomial map
(C)? — (C)2 (p1,p2) — (p1,03)
has mazimum likelihood degree 1.

Remark 1. Suppose X C (C*)™ has maximum likelihood degree one. Then the tropical-
ization of X can be computed from the Bergman fan of the matroid defined by the matrix
B of Theorem 1. See [7, Section 3].

Remark 2. Let P! be the projective space with homogeneous coordinates p,...,Pm.
In [13, 22], the maximum likelihood degree is defined for a closed subvariety X of

H = {PZ(pl,---,pm) e P! |P1"‘Pm(P1+"'+pm)7éO}'

Ifu=(uy,...,uy) is a given data vector, then the corresponding likelihood function of X
1s defined to be

: X — C~.

L(p7 u) == (pl + . +pm)ul++um

We note that this setting is compatible with ours. Indeed, H can be viewed as the hyper-
plane {Z?;pi = 1} C (C*)™ by the closed embedding

L H— (C)", pre—o | — A Pm )
prtetpm bt pm

The two definitions of the likelihood function of X agrees under the pullback by ¢.

Remark 3. If X C (C*)™ is smooth of dimension d, then the mazimum likelihood degree
of X is the signed Euler-Poincaré characteristic (—1)%x(X). See [9, 14].

Gabber and Loeser shows in [10, Théoréme 8.2] that a perverse sheaf is irreducible
and has Euler-Poincaré characteristic one if and only if it is hypergeometric. It would be

interesting to understand the relation between this result and that of the present paper. See
also [17, 18].
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3. Proofs

We closely follow [11, 14, 15]. Arguments will be reproduced as needed.

3.1.

Let X C (C*)™ be a closed and irreducible subvariety of dimension d. We write the
closed embedding by

p: X — (C)™, ©=(01,---,Pm)-

For a smooth point z of X, let v, be the derivative of ¢ followed by that of the left-

translation ¢(z)~! * —

Yot ToX — Ty (CH)™ — Ty (CH)™.

In local coordinates, v, is represented by the logarithmic jacobian matrix

(81‘)”1’), 1<i<m, 1<j<d.
81‘j

This defines the logarithmic Gauss map to the Grassmannian of the Lie algebra g of (C*)™
v:X --» Gr(d, g), x — im(7yg).

Remark 4. When X is a hypersurface, v agrees with the logarithmic Gauss map of [11,
Section 9.3]:
v:X - Gr(m — 1,g) = P(g").

X has mazimum likelihood degree one if and only if v is birational, because the set of
critical points of the likelihood function of X corresponding to u = (u1,. .., Uy,) is the fiber
of v over the point

m
S - dlog(p) € HO((C*)’", Qg@)m) ~ gV
i=1
Kapranov states in [15, Theorem 1.3] that
o if X is a reduced A-discriminantal hypersurface, then v is birational, and

o if v is birational, then X is a reduced A-discriminantal hypersurface, up to an auto-
morphism of the ambient torus.

As pointed out in [3, Section 2], a small correction needs to be made in the second state-
ment. If v is birational, then there is a monomial map with finite fibers

T(ker(A)) — (™,

which maps the reduced A-discriminantal variety in ’]I‘(ker(A)) birationally onto X.
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3.2.

We write p = (p1,- .., pm) for the coordinate functions of (C*)™ as before. This defines
a basis of the dual g¥ ~ C™ corresponding to differential forms

dlog(p1), . .., dlog(p,,) € H° <((C*)m, Q%(C*)m)

Hereafter we fix this choice of basis of gV, and identify g¥ with the space of data vectors u.
Consider the vector bundle homomorphism defined by the pullback of differential forms

Wi Xem x g7 — Q}(m, (z,u) — Zuz - dlog(¢;)(z), u = (Up,...,Unp).
i=1

The induced linear map v, between the fibers over a smooth point x is dual to the injective
linear map of the previous subsection

Yo i T X — g.
Therefore 7" is surjective and ker(y") is a vector bundle.
Definition 2. The variety of critical points of X C (C*)™ is defined to be the closure
% = P(ker(7V)) € X x P(g").
Note that ker(vy") is a vector bundle of rank m — d. Therefore X is irreducible and
dimX =m — 1.

If u is integral and x is a smooth point of X, then (z,u) is in X if and only if z is a critical
point of the likelihood function of X corresponding to u. Since dim X = dimP(g"), the
maximum likelihood degree of X is finite and well-defined.

3.3.

Write P~! for the projective space P(g¥) with the homogeneous coordinates u. Let
U be a rational map

Pt oo (€™, U= (Ty,...,0).

Each component of W should be a homogeneous rational function of degree zero in the
variables u. We have Euler’s relation

m

Olog U
> w0, 1<j<m
i=1 Ou;

The following lemma will play a central role in the proof of Theorem 1.
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Lemma 2. Suppose that the closure of the image of ¥ is X. Then the following conditions
are equivalent.

1. X 1is the closure of the graph of V.

2. The graph of ¥ is contained in X.

3. We have .
O0log ¥
Eul ng—(), 1<5<m
- 6u]'
=1
4. We have

dlogV¥; Jlog¥;
8uj N 8u1 ’

Proof. Since X is irreducible of dimension m — 1, (1) and (2) are equivalent. We prove
that (2) and (3) are equivalent.

By generic smoothness, for a sufficiently general u € g,
e U(u) is a smooth point of X, and
e U|y : U — X is a submersion for a small neighborhood U of u in P™1L.

Note from the construction of X that the graph of W is contained in X if and only if such
u is contained in the kernel of 'y\\ﬁ(u). Dually, this condition is satisfied if and only if the
hyperplane of g defined by u contains the image of

Yo) : To@X — 9.

We express this last condition in terms of equations.
Fix a sufficiently general u € gV as above. The key player is the linear mapping

d:g’ — g,
defined as the composition

gV ~Tug’ — TuP™ ! — Ty (CH" — 0.

The first is the derivative of the quotient map defining P!, the second is the derivative
of ¥, and the last is the derivative of the left-translation W(u)~! x —. In coordinates, ® is
represented by the logarithmic jacobian matrix

Olog ¥y . Olog ¥y
ou1 Oum
dlog W, dlog W,

oul U Oum
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By the genericity assumption on u made above, the columns of the logarithmic jacobian
matrix generate the image of vy (y) in g. Therefore the image of vy (y) is contained in the
hyperplane defined by u if and only if

Olog¥; | Jlog ¥,
ou1 ouq u1
L = 0.
Olog¥; ~ OlogV¥y, U
Oum, aum m

This proves the equivalence of (2) and (3).
Now suppose that (3) holds. Then

. Olog U,
8u] (Zuk log\I/k) = log ¥; —I—Zui ou; = log ¥,

=1

and hence

Olog U; 0log U,
aui aul ﬁuj (Z Uk 208 k) 8u ou; <Z Uk 08 k) Ou;

Therefore (3) implies (4). Lastly, (3) is obtained from Euler’s relation and (4).

3.4.

We continue to assume that ¥ is a rational function from P™~! to (C*)™ whose com-
ponents are homogeneous of degree zero in the variables u. The following statement can
be found in [15, Proposition 3.1], where Kapranov attributes the result to Horn [12].

Lemma 3. The following conditions are equivalent.

1. We have 9log T 5oz T
87 _IOTI 1<i<m, 1<j<m
8Uj 8ui
2. There is a vector of nonzero constants d = (dy,...,d,), a positive integer n, and
an integral matriz
bir -+ bim
B—
bnl co bnm

whose column sums are zero, such that

\Ilk(ul,..., —dkH (meu]) Zk, 1 S kgm
=1 j=1

Here we agree that zero to the power of zero is one.
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Proof. [Proof that (1) implies (2)] We employ the notation introduced in Lemma 1.

Use unique factorization in Cluy, ..., uy] to write
U =fB,
where
o f = (f1,...,fn) is a vector of irreducible homogeneous polynomials of degrees
(01,...,0,) in the variables u, and

e B is an n x m integral matrix such that

bir -+ bim
[01,..., 6] oo =0.

bnl to bnm

We may assume that f; and f; are relatively prime to each other for ¢ # j. Now (1) reads

- 0 0 A
Z (bkiafk_bkjafk>f1"'fk”'fn = 0.
el Uj (7

Since the polynomial inside the parenthesis has degree one less than fi, which is relatively
prime to all the other components of f, we have

Ofk _y Ofk _
bkl 8Uj bkj 8ul N

0.

Therefore there are homogeneous polynomials g in u such that

Ofr _ -
A ki 9k-

Now use Euler’s relation to note that

Okfr = ;uzgﬁ = (;%m)gk

Since fi are assumed to be irreducible, g should be nonzero constants. This shows that

f =ex Bu
for a vector of nonzero constants e = (e, ..., e,). The proof is completed by setting

d=e".
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3.5.

Proof. [Proof of Theorem 1] Suppose that X has maximum likelihood degree one. Let
pry and pry be the projections

X
PV \rz
X P 1

The assumption made on X is equivalent to the statement that pr,y is a birational mor-
phism. Let pry ! be the rational inverse of pry, and define

U := pry * prg1 T LU N (cHm.

Since the graph of ¥ is contained in X, Lemma 2 and Lemma 3 prove what we want.
Conversely, suppose that W is a rational map of the form

U =d* (Bu)?,

which maps dominantly to X. By Lemma 2 and Lemma 3, X is the closure of the graph
of W. This shows that pry is a birational morphism.

The above argument also shows that X C (C*)™ uniquely determines, and is deter-
mined by, the rational map W.

3.6.

Before proceeding to the proof of Theorem 2, we recall the definition and basic prop-
erties of A-discriminantal varieties and reduced A-discriminantal varieties, following [11,
Chapter 9]. Some notations are adjusted for the internal consistency of the present paper.

Let A be an integral matrix of the form

1 - 1
A as a?n
a1 -+ Qkn
whose columns generate Z*. Write {wy,...,w,} for the set of column vectors of A, and

consider the affine space C™ of Laurent polynomials of the form
n
F(t):ZQltWZv q:(QIa’Qn)GCna t:(tlvvtk)
i=1

Definition 3. The A-discriminantal variety V4 is the closure of the set

Vi = {F € C" | {F =0} has a singular point in ((C*)k} cCn.
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The projective dual of P(V4) C P"! is the toric variety X4 C P"~!, defined as the
closure of the image of the monomial map

(CHEF — Pl t et = (1L ).

Let % be an integral matrix whose columns form a basis of ker A. In other words, %
is a Gale dual of A. We have exact sequences

D gn AL gk 0

0 ——ker(A) ~ zZnF

and
(b.%

A
0 — > (C*)* 2 () (C*)"—* ~ T(ker(A)) —=0.
Note that V4 is invariant under the action of (C*)*.

Definition 4. The reduced A-discriminantal variety Va4 is the image of V4N (C*)™ in
T(ker A).

Reduced A-discriminantal varieties admit a Horn uniformization [11, Theorem 9.3.3]:
Theorem 3. Let &2 be the Horn uniformization
P PRl )R, vie— (8v)7.

Then the closure of the image of V is the reduced A-discriminantal variety Va.

3.7.

Proof. [Proof of Theorem 2] Suppose that X has maximum likelihood degree one.
Then, by Theorem 1, there is a set of nonzero constants d = (dy,...,dy;,) and an n x m
integral matrix B whose column sums are zero such that the Horn uniformization

U:Pml o (CH™, ur— dx (Bu)®

maps dominantly to X. Write n — k for the rank of B, and consider the largest subgroup
Z" of rank n — k containing all the columns of B. Let % be a matrix whose columns form
a basis of this subgroup. Let A and C' be integral matrices such that

e AB =0,
e B=2AC,
e the first row of A is (1,...,1), and

e the top row of the diagram below is exact:

0—> Zn—k‘ # 7

| A

Zm
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Let &2 be the Horn uniformization
P PR ()R, v (Bv)7.

In the notation introduced in Section 1.2, we have a commutative diagram

]Pm—k—l _ ij> (C*)n—k ¢‘@ (C*)n
A
[ dxoC
o - l A
]PJm—l _ 7\17 > ((C*)m
By Theorem 3, the commutative diagram restricts to that of dominant mappings

]Pm—Ak:—l - > %A ~— V4N ((C*)n
‘ l
[
s N e

This proves that (1) implies (2). Commutativity of the above diagrams also show that the
monomial map with finite fibers

d * ¢C . ((C*)nfk N (C*)m
restricts to a birational isomorphism
%A — X.

Indeed, by Lemma 2, a fiber of ¥ over a general point of X is connected.

Conversely, suppose that X satisfies the condition (2). Theorem 3 and Theorem 1 show
that a reduced A-discriminantal variety has maximum likelihood degree one. Therefore,
by Corollary 1, X has maximum likelihood degree one.
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